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A unified setting for generalized Poisson and Nambu–Poisson brackets is dis-
cussed. It is proved that a Nambu–Poisson bracket of even order is a generalized
Poisson bracket. Characterizations of Poisson morphisms and generalized infini-
tesimal automorphisms are obtained as coisotropic and Lagrangian submanifolds of
product and tangent manifolds, respectively. © 1997 American Institute of Phys-
ics. @S0022-2488~97!04305-3#
I. INTRODUCTION
In 1973 Nambu1 proposed a generalization of Hamiltonian mechanics to the case of a three-
dimensional phase space instead of the usual phase space of two canonical variables (q ,p). He
considered three dynamical variables (x1 ,x2 ,x3) and two Hamiltonian functions h1 and h2 with
the following motion equations:
f˙5$h1 ,h2 , f %,
where the bracket $ f 1 , f 2 , f 3% of three arbitrary functions f 1 , f 2 , f 3 is given by
$ f 1 , f 2 , f 3%5
]~ f 1, f 2 , f 3!
]~x1 ,x2 ,x3!
.
Nambu mechanics was widely discussed by many authors, but was essentially forgotten for almost
20 years. A recent paper by Takhtajan2 gave a new interest to this subject. In Takhtajan’s paper,
a geometrical setting for Nambu brackets is introduced. He also established the so-called funda-
mental identity, which is a generalization of the Jacobi identity. Let us recall that the Jacobi
identity permits one to obtain new constants of motion from the old ones. So, a Nambu bracket is
a natural generalization of Poisson brackets.
On the other hand, Azcarraga et al.3 have considered an alternative way to generalize Poisson
brackets. Since a bracket of n functions can be obtained from a skew-symmetric contravariant
a!Electronic mail: mtbibtor@lg.ehu.es
b!Electronic mail: mdeleon@pinarl.csic.es
c!Electronic mail: jcmarrer@ull.es
d!Electronic mail: dmartin@sr.uned.es0022-2488/97/38(5)/2332/13/$10.00
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 This article is copyrigtensor of order n , they have deduced a different fundamental identity from an integrability con-
dition on the tensor. It should be noted that this way implies that only brackets of even order are
allowable.
Our purpose is to give a unified treatment for both kinds of brackets, in order to put in
evidence their similarities as well as their differences. So, we consider general brackets of func-
tions defined for skew-symmetric contravariant tensors. More precisely, if L is a skew-symmetric
contravariant tensor of order n on a manifold M ~an almost Poisson tensor, in our terminology!, it
defines an n-bracket $,...,% on the algebra of C` functions on M by the formula
L~d f 1 ,. . . ,d f n!5$ f 1 ,. . . , f n%.
Next, we investigate the integrability conditions on L in two directions. For n52, we are in
the presence of ordinary almost Poisson tensors, for which the integrability condition can be
alternatively expressed in terms of the vanishing of the Schouten–Nijenhuis bracket @L,L# or in
terms of the Jacobi identity. The first direction gives the so-called generalized Poisson tensors
discussed by Azcarraga et al.,3 and the second way gives the Nambu–Poisson tensors discussed
by Takhtajan.2
In this paper, we also discuss the dynamics of n-brackets. In fact, we extend the results of
Tulczyjew,4 who characterized a locally Hamiltonian vector field on a symplectic manifold
(M ,V) as a Lagrangian submanifold of the symplectic manifold (TM ,Vc), where TM is the
tangent bundle of M and Vc is the complete or tangent lift of V to TM . Recently, this result was
extended by Grabowski and Urba´nski5 for Poisson manifolds ~see also Ref. 6!, and by us7 for
Jacobi manifolds. The equivalent notion of a locally Hamiltonian vector field is the so-called
infinitesimal automorphism of the generalized almost Poisson tensor, that is, a vector field X such
thatLxL50. With a suitable notion of Lagrangian submanifold, we prove that a vector field X on
a generalized almost Poisson manifold (M ,L) is an infinitesimal automorphism if and only if its
image X(M ) is a Lagrangian submanifold of the induced structure (TM ,Lc) ~Theorem VI.2!. It
should be noted that no integrability condition is invoked in order to obtain our result. In fact, if
(M ,L) is a generalized Poisson manifold, so is (TM ,Lc). However, if (M ,L) is Nambu–
Poisson, (TM ,Lc) is not Nambu–Poisson except in the trivial case ~Theorem VI.1!. A Darboux
theorem is also obtained, and the global structure of a Nambu–Poisson manifold is elucidated. If
the order of L is greater or equal to 3, the distribution spanned by the Hamiltonian vector fields is
completely integrable and, then, it defines a foliation whose leaves are either n-dimensional
manifolds endowed with a Nambu–Poisson bracket coming from a volumen form, or points. From
these results, it follows that if L is Nambu–Poisson, then @L ,L#50, which shows that every
Nambu–Poisson manifold of even order is also a generalized Poisson manifold. The converse is
not true, as Example II.5 shows. For n52 ~Poisson manifolds! we have, of course, the well-
known symplectic foliation. This means that the basic Nambu–Poisson structures are given by
symplectic or volume forms. Both are examples of multisymplectic structures ~see Ref. 8!, and it
seems very interesting to look for structures which would give a more general kind of foliation by
multisymplectic leaves.
In what concerns Poisson morphisms, we introduce the notion of Poisson morphism in this
general setting, and prove that a morphism f:(M 1 ,L1)!(M 2 ,L2) between two generalized
almost Poisson manifolds (M 1 ,L1) and (M 2 ,L2) is Poisson if and only its graph is a coisotropic
submanifold of the generalized almost Poisson manifold (M 13M 2 ,L12L2) ~Theorem V.2!. This
theorem extends the well-known ones for symplectic and Poisson manifolds.9,5,6,10,11 As above, no
integrability conditions are required.J. Math. Phys., Vol. 38, No. 5, May 1997
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Let M be a differentiable manifold of dimension m . Our purpose is to define brackets of
functions on M which generalize the well-known Poisson bracket. Denote by X (M ) the Lie
algebra of the vector fields on M and by C`(M ,R) the algebra of C` real-valued functions on
M .
Definition II.1: An almost Poisson bracket of order n on M is an n-linear mapping
$, . . . ,%:C`(M ,R) 3 ••• 3 C`(M ,R)!C`(M ,R) satisfying the following properties:
(1) ~Skew-symmetry!
$ f 1 ,. . . , f n%5~21 !e~s!$ f s~1 ! , . . . , f s~n !%,
for all f 1 ,. . . , f nPC`(M ,R) and sPSymm(n), where Symm(n) is a symmetric group of n ele-
ments and e~s! is the parity of permutation s.
(2) (Leibniz rule)
$ f 1g1 ,. . . , f n%5 f 1$g1 ,. . . , f n%1g1$ f 1 ,. . . , f n%,
for all f 1 ,. . . , f n , g1PC`(M ,R).
An alternative way to define an n-bracket of functions is to consider the skew-symmetric tensor L
of type (n ,0) given by
Lx~d f 1~x !, . . . ,d f n~x !!5$ f 1 ,. . . , f n%~x !,
for all f 1 ,. . . , f nPC`(M ,R) and xPM . Conversely, given a skew-symmetric contravariant
n-tensor, the above formula defines an n-bracket of functions satisfying ~1! and ~2!. Notice that ~1!
is equivalent to the skew-symmetric character of L, and ~2! is a consequence of its tensorial
character, that is, L is linear on functions. In fact, the Leibniz rule says that for any xPM ,
$ f 1 ,. . . , f n%(x) only depends on the 1-jets of the functions f 1 ,. . . , f n at x . Thus, we call L an almost
Poisson n-tensor, and (M ,L) a generalized almost Poisson manifold.
It should be noted that L induces a linear mapping
#:Vn21~M !!X ~M !
by defining
^#~a1∧•••∧an21!,b&5L~a1 ,. . . ,an21 ,b!,
for all a1 ,. . . ,an21 , bPV1(M ), where Vr(M ) is the space of r-forms on the manifold M .
Therefore, given n21 functions f 1 ,. . . , f n21 , we define a vector field
X f 1 ,.. . , f n215#~d f 1∧•••∧d f n21!,
which is called the Hamiltonian vector field associated with the Hamiltonian functions
f 1 ,. . . , f n21 . The fact that X f 1 ,.. . , f n21 is a vector field is a consequence of the Leibniz rule. An
interesting problem is to look for the integrability conditions of almost Poisson structures. We
can proceed in two different directions. First of all, notice that for n 5 2 the integrability condition
is given by the vanishing of the Schouten–Nijenhuis bracket of L with itself.12,10 In fact,
@L ,L#50 is equivalent to the so-called Jacobi identity,
$$ f 1 , f 2%, f 3%1$$ f 2 , f 3%, f 1%1$$ f 3 , f 1%, f 2%50. ~1!J. Math. Phys., Vol. 38, No. 5, May 1997
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Next, we will extend this integrability condition. The skew-symmetry of the Schouten-Nijenhuis
bracket @ , # implies that
@L ,L#5~21 !n
2
@L ,L#
for any n-tensor L. Thus, if n is odd, we do not obtain any integrability property, since @L,L#
identically vanishes. So, the vanishing of the Schouten–Nijenhuis bracket provides an integrability
condition only in case n is even.
Definition II.2: Let L be an almost Poisson tensor of order 2k on a manifold M . L is said to
be a generalized Poisson tensor if @L ,L#50.
Proposition II.3: Let L be an almost Poisson tensor of order n52k . Then L is generalized
Poisson if and only if the following generalized Jacobi identity ~called the fundamental identity!
holds
Alt~X f 1 ,.. . , f 2k21~$g1 ,. . . ,g2k%!!50, ~2!
for all functions f 1 ,. . . , f 2k21 , g1 ,. . . ,g2k on M .
Proof: The result follows by a direct computation ~Ref. 13!.
Remark II.4: Notice that the fundamental identity for generalized Poisson manifolds can also
be expressed as follows:
Alt~X f 1 ,.. . , f 2k21~Xg1 ,.. . ,g2k21~g2k!!!50, ~3!
for all functions f 1 ,. . . , f 2k21 , g1 ,. . . ,g2k .
Example II.5: Consider on R5 the 4-vector defined by
L5 f ]
]x1
∧
]
]x2
∧
]
]x3
∧
]
]x4
1g
]
]x2
∧
]
]x3
∧
]
]x4
∧
]
]x5
,
where (x1,x2,x3,x4,x5) denote the standard coordinates in R5 and f and g are arbitrary functions
on R5. Since L is of order 4, we deduce that @L ,L#50, which implies that L defines a Poisson
tensor of order 4. Next, we will compute the Hamiltonian vector fields associated with the coor-
dinate functions. If we denote Xi jk5Xxix jxk, a direct computation shows that
X1235 f
]
]x4
, X12452 f
]
]x3,
X12550, X1345f
]
]x2
,
X13550, X14550,
X23452 f
]
]x1
1g
]
]x5
, X23552g
]
]x4
,
X2455g
]
]x3
, X34552g
]
]x2
.
Thus, the generalized distribution D generated by these Hamiltonian vector fields is not involutive.
Take, for instance, f5x4 and g51. In this case, @X123 ,X234# does not belong to D .
The other direction is to look for a generalization of the Jacobi identity of a Poisson bracket
~1!. Notice that ~1! can be equivalently written as follows:J. Math. Phys., Vol. 38, No. 5, May 1997
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that is, the Hamiltonian vector field X f 1 is a derivation of the algebra (C
`(M ,R),$ , %), for every
function f 1 .
We then introduce the following definition:
Definition II.6: A generalized almost Poisson tensor L of order n on a manifold M is called
Nambu–Poisson if the Hamiltonian vector field X f 1 ,.. . , f n21 is a derivation of the algebra
(C`(M ,R) 3 ••• 3 C`(M ,R),$, . . . ,%), for all f 1 ,. . . , f n21 , that is, the following fundamental iden-
tity holds:
X f 1 ,.. . , f n21$g1 ,. . . ,gn%5(i51
n
$g1 ,. . . ,X f 1 ,.. . , f n21gi , . . . ,gn%, ~4!
for all functions f 1 ,. . . , f n21 , g1 ,. . . ,gn on M .
Example II.7: Let M be an oriented n-dimensional manifold and choose a volume form v.
Given n functions f 1 ,. . . , f n , on M , we define its bracket by the formula
d f 1∧•••∧d f n5$ f 1 ,. . . , f n%v .
It is not hard to prove that it is a Nambu–Poisson bracket ~see Ref. 14!. If we take M5Rn, and
v is the standard volume form v5dx1∧•••∧dxn, we recover the example discussed by Nambu.1
Denote by Lv the Nambu–Poisson tensor of order n associated with a volume form v on an
oriented n-dimensional manifold M . Then, it is clear that LvÞ0 at every point of M . In fact, we
have
Proposition II.8: Let (M ,L) be an n-dimensional Nambu–Poisson manifold of order n such
that LÞ0 at every point. Then, there exists a volume form v on M with L5Lv .
Proof: Since LÞ0 at every point, we deduce that M is orientable. Thus, if v¯ is a volume
form on M we obtain that there exists fPC`(M ,R), fÞ0 at every point, such that L5 fLv¯ .
Now, we consider the volume form on M given by v5(1/f )v¯ . A direct computation proves that
L5Lv .
Remark II.9: From the above definitions it follows that for n52 Nambu–Poisson and gener-
alized Poisson structures are the same geometrical object. However, for n>3, both kinds of
structures are in principle different. Of course, a trivial tensor, namely L50 always defines a
Nambu–Poisson as well as a generalized Poisson structure. Also, there exist Nambu–Poisson
structures which are trivially generalized Poisson. For instance, if L is a Nambu–Poisson tensor
with constant components, it trivially satisfies @L ,L#50. Also, if a Nambu–Poisson tensor L has
order n , and dim M,2n21, we have @L ,L#50. In Corollary III.8 we will give the relationship
between generalized Poisson and Nambu–Poisson manifolds.
The following result will be very useful in the sequel.
Proposition II.10: Let (M ,L) be a Nambu–Poisson manifold of order n . Then the bracket of
two Hamiltonian vector fields is also a Hamiltonian vector field.
Proof: In fact, we have
X f 1 ,.. . , f n21~Xg1 ,.. . ,gn21gn!5Xg1 ,.. . ,gn21~X f 1 ,.. . , f n21gn!1 (i51
n21
$g1 ,. . . ,X f 1 ,.. . , f n21gi , . . . ,gn%
5Xg1 ,.. . ,gn21~X f 1 ,.. . , f n21gn!1 (i51
n21
Xg1 ,.. . ,X f 1 ,.. . , f n21gi , . . . ,gn21~
gn!,
which implies thatJ. Math. Phys., Vol. 38, No. 5, May 1997
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n21
Xg1 ,.. . ,X f 1 ,.. . , f n21gi , . . . ,gn21
.
Given an almost Poisson tensor L of order n on M and fixing a function fPC`(M ,R), we define
a generalized almost Poisson tensor L f of order n21 by setting
L f5id fL .
Proposition II.11: If L is Nambu–Poisson, then L f is also Nambu–Poisson.
Proof: It follows from the fundamental identity ~4!.
Remark II.12: From Proposition II.11 we deduce that given r functions f 1 ,. . . , f r , a Nambu–
Poisson tensor L of order n defines a Nambu–Poisson tensor L f 1 ,.. . , f r5id f 1∧•••∧d f r L of order
n2r . Thus, we obtain a family of subordinate Nambu–Poisson structures. For r5n22, we obtain
a family of Poisson structures, L f 1 ,.. . , f n22. Many of these subordinate Nambu–Poisson structures
are compatible. For instance, if n53, L f and Lg are compatible for all functions f and g on
M , since L f1Lg5L f1g . One can says that a Nambu–Poisson manifold is strongly bi-
Hamiltonian.
III. MORPHISMS AND INFINITESIMAL AUTOMORPHISMS
Let (M 1 ,L1) and (M 2 ,L2) be two generalized almost Poisson manifolds of order n , and
f:M 1!M 2 a differentiable mapping.
Definition III.1: f is said to be a Poisson morphism if
$ f 1+f , . . . , f n+f%15$ f 1 ,. . . , f n%2+f ,
for all functions f 1 ,. . . , f nPC`(M 2 ,R), where $, . . . ,% i denotes the bracket associated with
L i ,i51,2.
The next result is an immediate consequence of the above definition.
Proposition III.2: The following statements are equivalent:
(1) f is a Poisson morphism.
(2) L1 and L2 are f-related, i.e.,
~L1!~x !~f*a1 ,. . . ,f*an!5~L2!~f~x !!~a1 ,. . . ,an!,
for all a1 ,. . . ,anPTf(x)* M 2 , and x P M 1 .
(3) The Hamiltonian vector fields X f 1 ,.. . , f n21 and X f 1+f , . . . , f n21+f are f-related.
(4) The corresponding mappings #1 and #2 satisfy the formula
~#2!f~x !5~f*!x+~#1!x+~f*!f~x ! ,
for every xPM 1 .
Definition III.3: Let (M ,L) be a generalized almost Poisson manifold of order n . A vector
field X is called an infinitesimal automorphism of L if LXL50, where L denotes the Lie
derivative.
Remark III.4: It should be noted that X is an infinitesimal automorphism of L if and only if its
flow consists of Poisson morphisms.
Proposition III.5. A vector field X on M is an infinitesimal automorphism of L if and only if
X is a derivation of the algebra (C`(M ,R)3•••3C`(M ,R),$, . . . ,%).
Proof: In fact, we haveJ. Math. Phys., Vol. 38, No. 5, May 1997
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5LX~L~d f 1 ,. . . ,d f n!!
5~LXL!~d f 1 ,. . . ,d f n!1(
i51
n
L~d f 1 ,. . . ,LX~d f i!, . . . ,d f n!
5~LXL!~d f 1 ,. . . ,d f n!1(
i51
n
$ f 1 ,. . . ,X f i , . . . , f n%,
where LX denotes the Lie derivative with respect to X .
From Proposition III.5 and the definition of Nambu–Poisson manifold, we deduce the follow-
ing.
Corollary III.6: Let (M ,L) be a Nambu–Poisson manifold. Then, every Hamiltonian vector
field X f 1 ,.. . , f n21 is an infinitesimal automorphism of L.
Let (M ,L) be a generalized almost Poisson manifold of order n and consider the space of
infinitesimal automorphisms XL(M ), that is,
XL~M !5$XPX~M !uLXL50%.
Since @LX ,LY #5L@X ,Y # , for two vector fields X and Y on M , we deduce that XL(M ) defined an
involutive distribution which is also invariant.
We can also consider the space of Hamiltonian vector fields. In fact, if Dx denotes the
subspace of TxM spanned by the Hamiltonian vector fields X f 1 ,.. . , f n21 evaluated at a point
xPM , we obtain a generalized distribution D on M , which will be called the characteristic
distribution. For n 5 2, it is always involutive, and, in fact, it defines the symplectic foliation of the
Poisson manifold.15,10,11 The things are very different for n>3.
Theorem III.7: Let (M ,L) be a generalized almost Poisson m-dimensional manifold of order
n with n > 3.
(1) If L is a generalized Poisson tensor, then D is not in general involutive.
(2) If L is Nambu–Poisson, D is completely integrable, and, therefore, it defines a foliation on
M such that the restriction of L to each leaf defines an induced Nambu–Poisson structure. There
are two kinds of leaves. If at a point xPM , we have L(x) Þ 0, then the leaf passing through x has
dimension n , and the induced Nambu–Poisson structure on it comes from a volume form. More-
over, there exist local coordinates (x1,. . . ,xn,xn11,. . . ,xm) around x on M such that
L5(]/]x1)∧•••∧(]/]xn). If Lx50, the leaf passing through x reduces to the point x , and the
induced Nambu–Poisson structure is trivial.
Proof:
~1! See Example II.5.
~2! That D is involutive is a consequence of Proposition II.10. On the other hand, let F:R
3M!M be the flow of the Hamiltonian vector field X f 1 ,.. . , f n21. Then, using Corollary III.6, we
deduce that
~F t!*
~Xg1 ,.. . ,gn21!5Xh1 ,.. . ,hn21,
for tPR and g1 ,. . . ,gn21PC`(M ,R), where hiPC`(M ,R) is given by hi5gi+F2t , for
iP$1,.. . ,n21%. From the above results, we conclude that the characteristic distribution is com-
pletely integrable ~see Ref. 10, Theorem 2.6!, and it defines a generalized foliation in the sense of
Sussmann.16
Now, consider a leaf L of this foliation. If we take n functions f 1 ,. . . , f n defined on L , a
bracket $ f 1 ,. . . , f n% uL can be defined as follows. We extend each f j , 1< j<n to a function f˜j on
M and putJ. Math. Phys., Vol. 38, No. 5, May 1997
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for every yPL . Since the bracket is a derivation on each argument, we deduce that the result is
independent of the chosen extensions. Of course, $, . . . ,% uL satisfies the fundamental identity.
Next, suppose that x is a point of M such that L(x)Þ0. Using the results obtained by
Gautheron,14 we deduce that the n-vector L(x) is decomposable. Thus, the dimension of the space
D(x) is n . Therefore, if L is the leaf of D passing through x we obtain that the dimension of L is
n . Denote by LL the induced Nambu–Poisson tensor of order n on L . If yPL , then, since
L(y)Þ0 @notice that dim D(y)5n#, we have that (LL)(y)Þ0. Consequently, from Proposition
II.8, we conclude that there exists a volume form v on L such that LL5Lv .
Moreover, there exist local coordinates (x1,. . . ,xn,xn11,. . . ,xm) around x such that
L5
]
]x1
∧•••∧
]
]xn
.
In fact, if L(x)Þ0, there exist functions f 1 ,. . . , f n such that X f 1 ,.. . , f n21(x)( f n)5$ f 1 ,. . . , f n%(x)
Þ0. Thus, there is an open neighborhood V around x and a function g on V with
$ f 1 ,. . . , f n21 ,g%51
at every point of V . Consider the following set of vector fields:
$X f 1 ,.. . , f n21,Xg , f 2 ,.. . , f n21,X f 1 ,g , f 3 ,.. . , f n21, . . . ,X f 1 ,.. . , f n22 ,g%.
From Proposition II.10, it follows that
@X f 1 ,.. . , f n21,X f 1 ,.. . , f i21 ,g , f i11 ,.. . , f n21#50,
@X f 1 ,.. . , f i21 ,g , f i11 ,.. . , f n21,X f 1 ,.. . , f j21 ,g , f j11 ,.. . , f n21#50,
where i , jP$1,.. . ,n21%. Since X f 1 ,.. . , f i21,g , f i11 ,.. . , f n21(g)50, and taking into account that the
above set of vector fields on V are linearly independent, from the Frobenius theorem we obtain a
set of independent functions $ f 1 ,. . . , f n21 ,g ,yn11,. . . ,ym% on an open neighborhood V¯ of x , with
V¯,V such that
X f 1 ,.. . , f n215
]
]g , Xg , f 2 ,.. . , f n2152
]
] f 1 ,. . . ,X f 1 ,.. . , f n22 ,g5~21 !
n
]
] f n21 .
Thus, if we rename the coordinates as x15 f 1 ,. . . ,xn215 f n21 , xn5g , xn115yn11,. . . ,xm
5ym, we obtain that
L5
]
]x1
∧•••∧
]
]xn
1L0 ,
where L0 does not depend on the coordinates x1,. . . ,xn21,xn. We omit the proof of the latter
assertion, since it follows by applying the fundamental identity. Taking into account that L is
decomposable on V¯, we deduce that D has constant dimension n on V¯. Thus, it immediately
follows that L050.
If L(x)50, then all the Hamiltonian vector fields X f 1 ,.. . , f n21 vanish at x . Therefore, the leaf
L through x reduces to the point x , namely L 5 $x%.
Corollary III.8: Every Nambu–Poisson manifold of even order is generalized Poisson, but the
converse does not hold.J. Math. Phys., Vol. 38, No. 5, May 1997
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exist local coordinates (x1,. . . ,x2k) such that
L5
]
]x1
∧•••∧
]
]x2k
,
which implies that @L ,L#50 at every point of the coordinate neighborhood. Since L(x)50
implies @L ,L#(x)50 ~see Ref. 10!, we deduce that @L,L# identically vanishes.
Remark III.9: It should be noted that, since a Nambu–Poisson structure of order n has many
subordinate Nambu–Poisson structures, we can apply Theorem III.7. If L f 1 ,.. . , f n22 is a subordi-
nate Poisson structure, we deduce that the leaves of its characteristic foliation are oriented surfaces
and/or points.
IV. LAGRANGIAN SUBMANIFOLDS
Let (M ,L) be a generalized almost Poisson manifold of order n . Given a submanifold N of
M , we define the j th annihilator of the tangent space TxN of N at a point xPN , 1< j<n21, as
follows:
Annj~TxN !5$aPLn21~Tx*M !uiv1∧•••∧v ja50,;v1 ,. . . ,v jPTxN%.
We have
Ann1~TxN !#Ann2~TxN !#•••#Annn21~TxN !.
We introduce the following definitions.
Definition IV.1: (1) We say that N is j-coisotropic if
#~Annj~TxN !!#TxN .
(2) We say that N is j-Lagrangian if
#~Annj~TxN !!5TxNù#~Ln21~Tx*M !!.
If L is Nambu–Poisson, and L f is a subordinate Nambu–Poisson tensor of order n21 for a fixed
function f on M , we deduce the following.
Proposition IV.2: If N is j-coisotropic in (M ,L), and f weakly vanishes on N , then N is
j-coisotropic in (M , L f).
Proof: If f'0 on N , that is, f belongs to the ideal of functions which define N as a submani-
fold of M , then v( f )50, for all vPTN . The result follows taking into account the following
facts:
~i! If we denote by # f the linear mapping # f :Vn22(M )!X (M ) induced by L f , we get
# f(a)5#(d f∧a).
~ii! If aPAnnj(TN) ~with respect to L f ,! then d f∧aPAnnj(TN) ~with respect to L!.
V. GRAPHS OF POISSON MORPHISMS
Let (M 1 ,L1) and (M 2 ,L2) be two generalized almost Poisson manifolds of order n , and
f:M 1!M 2 a differentiable mapping. Consider the product manifold M5M 13M 2 endowed with
the following generalized almost Poisson tensor: L5L12L2 . We have
Proposition V.1: ~1! If (M 1 ,L1) and (M 2 ,L2) are generalized Poisson, then (M ,L) is also
generalized Poisson.
(2) Assume that n>3. If (M 1 ,L1) and (M 2 ,L2) are Nambu–Poisson, then (M ,L) is not
Nambu–Poisson, except in the trivial case when L150 or L250.J. Math. Phys., Vol. 38, No. 5, May 1997
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@L ,L#5@L12L2 ,L12L2#50,
since @L1 ,L1#50, @L2 ,L2#50 and @L1 ,L2#50. ~2! If L would be Nambu–Poisson, and there
exists a point (x0 ,y0)PM such that L1(x0)Þ0 and L2(y0)Þ0, then the characteristic distribu-
tion of (M ,L) at the point (x0 ,y0) would have dimension 2n . But this is not possible, since L is
of order n .
Theorem V.2: Let (M 1 ,L1) and (M 2 ,L2) be two generalized almost Poisson manifolds of
order n , and f:M 1!M 2 a differentiable mapping. Then, f is a Poisson morphism if and only if
the graph of f is a (n 2 1)-coisotropic submanifold of (M5M 13M 2 ,L5L12L2).
Proof: Let us recall that
Graph f5$~x ,f~x !!uxPM 1%,M 13M 2 .
Thus, we have
T ~x ,f~x !!Graph f5$~vx ,f*~vx!!uvxPTxM 1%,
for xPM 1 . Therefore, a direct computation shows that
Annn21~T ~x ,f~x !!Graph f!5$~2f*l2 ,l2!ul2PLn21~Tf~x !* M 2!%.
Consequently, we deduce that
# ~x ,f~x !!~Annn21~T ~x ,f~x !!Graph f!!,T ~x ,f~x !!Graph f
if and only if
~#2!f~x !~l2!5~~f*!~x !+~#1!x+~f*!~f~x !!!~l2!, ;l2PL
n21~Tf~x !* M 2!,
or, in other words, f is a Poisson morphism ~see Proposition III.2!.
Remark V.3: Notice that Theorem V.2 is the generalization of the well-known result for
Poisson manifolds.6,10,9
VI. TANGENT LIFTS OF BRACKETS
Let (M ,L) be a generalized almost Poisson manifold, and denote by TM its tangent bundle.
The canonical projection is denoted by tM :TM!M . If (xi), i 5 1,.. . ,m are local coordinates in
M , we will use the notation (xi,x˙ i) for the induced coordinates in TM .
Let Lc be the complete lift of L to TM ~see Ref. 17!. We recall that Lc is a skew-symmetric
(n ,0)-tensor field on TM characterized by the following formulas:
Lc~a1
c
,a2
c
, . . . ,an
c !5~L~a1 ,a2 ,. . . ,an!!
c
,
Lc~a1
v
,a2
c
, . . . ,an
c !5~L~a1 ,a2 ,. . . ,an!!
v
,
Lc~a1
v
,a2
v
, . . . ,an
c !50,
A
Lc~a1
v
,a2
v
, . . . ,an
v!50,J. Math. Phys., Vol. 38, No. 5, May 1997
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v and a i
c are, respectively, the vertical and complete lifts
of the 1-form a i to TM , and f v, f c are, respectively, the vertical and complete lifts of a function
f on M to TM .
Therefore, for the corresponding bracket $, . . . ,%T on TM , we have
$ f 1c , f 2c , . . . , f nc%T5$ f 1 , f 2 ,. . . , f n%c,
$ f 1v , f 2c , . . . , f nc%T5$ f 1 , f 2 ,. . . , f n%v,
$ f 1v , f 2v , . . . , f nc%T50,
A
$ f 1v , f 2v , . . . , f nv%T50.
If L i1 ,.. . ,in are the local components of L, the local components of Lc are given by the following
formulas:
~Lc! i
¯
1 i
¯
2 ,.. . , i
¯
n5x˙ l
]L i1i2 ,.. . ,in
]xl
,
~Lc! i1 i
¯
2 ,.. . , i
¯
n5L i1i2 ,.. . ,in,
~Lc! i1i2 ,.. . , i
¯
n50,
A
~Lc! i1i2 ,.. . ,in50,
where i¯means that we are evaluating Lc on dx˙ i.
Theorem VI.1: Let (M ,L) be a generalized almost Poisson manifold of order n and
(TM ,Lc) its tangent lift. Then,
(1) (M ,L) is a generalized Poisson manifold if and only if (TM ,Lc) is so also.
(2) If (M ,L) is a Nambu–Poisson manifold and n>3, (TM ,Lc) is not Nambu–Poisson, except in
the trivial case L50.
Proof: ~1! The result follows taking into account the formula
@Lc,Lc#5@L ,L#c,
~see Ref. 5! and the fact that for a contravariant n-tensor G on M , G vanishes if and only if Gc does
so ~see Ref. 17!.
~2! Let L be a Nambu–Poisson tensor of order n>3. Assume that Lc is Nambu–Poisson. If
L(x)Þ0, then Lc(y)Þ0, for any tangent vector y at x . Since the characteristic distribution is
generated by the vertical and complete lifts of the Hamiltonian vector fields defined by L on
M , we deduce that it is the tangent lift of the characteristic distribution on M . Thus, it has
dimension 2n at the points yPTxM where L(x)Þ0. Consequently, Lc is not Nambu-Poisson,
except if L identically vanishes.
Theorem VI.2: Let (M ,L) be a generalized almost Poisson m-dimensional manifold and
X a vector field on M . Then the image X(M ) of X is a 1-Lagrangian submanifold of (TM ,Lc) if
and only if X is an infinitesimal automorphism of L, i.e., LXL50.
Proof: Assume that the local expression of X is X5Xi]/]xi in some local coordinate system
(xi) on M . Therefore, the submanifold X(M ) is locally defined as follows:J. Math. Phys., Vol. 38, No. 5, May 1997
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in the induced coordinates (xi,x˙ i) in TM .
Define the local frame $Bi ,Ci ; i 5 1,.. . ,m% of TM along X(M ) by
Bi5X*S ]]xiD5 ]]xi 1 ]X
j
]xi
]
]x˙ j
, Ci5
]
]x˙ i
.
@It should be noted that the local vector fields $Bi ; i51,.. . ,m% are tangent to the submanifold
X(M )#. Its dual local coframe $Bi* ,Ci*% along X(M ) is
Bi*5dxi, Ci*5dx˙ i2
]Xi
]x j
dx j.
Next, we will compute Lc along X(M ),
Lc~Ci1* ,.. . ,Cin21* ,Cin*!5
]L i1 ...in
]xl
Xl2(
s51
n
]Xis
]x j
L i1 ,.. . , j , . . . ,in,
Lc~Ci1* ,.. . ,Cin21* ,Bin*!5L
i1 ,.. . ,in,
Lc~Ci1* ,.. . ,Bin21* ,Bin*!50,
A
Lc~Bi1* ,.. . ,Bin21* ,Bin*!50.
From the above formulas, we get
#T~Ci1*∧•••∧Cin21* !5L
i1 ,.. . ,inBin1S ]L i1 ,.. . ,in]xl Xl2(s51
n
]Xis
]x j
L i1 ,.. . , j , . . . ,inDCin,
where #T denotes the induced mapping from Lc.
Since for every yPX(M ), Ann1(Ty(X(M ))) is locally generated by the exterior powers of the
1-forms $Ci* ; i51,.. . ,m%, we deduce that X(M ) is 1-Lagrangian if and only if
]L i1 ,.. . ,in
]xl
Xl2(
s51
n
]Xis
]x j
L i1 ,.. . , j , . . . ,in50. ~5!
On the other hand, if we write
L5
1
k! L
i1 ,.. . ,in
]
]xi1
∧•••∧
]
]xin
,
we deduce that LXL has components
~LXL! i1 ,.. . ,in5(
s51
n
L i1 ,.. . , j , . . . ,in
]Xis
]x j
2X j
]L i1 ,.. . ,in
]x j
. ~6!
From ~5! and ~6! the result follows.J. Math. Phys., Vol. 38, No. 5, May 1997
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